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Abstract.

This study shows some applications of “Shift, Symmetry and Asymmetry in Polynomial
Sequences”[5] study. We show the simplest equations for all polynomials up to 6 degree, the
symmetry point coordinates, as well as the two possible simplest recurrence equations for each
polynomial. We will show how and why the method of differences works conclusively on
polynomials, while in any other non-polynomial function the method of differences never ends
in a constant. This is a work that shows how polynomials work. It serves as a reference for many
future studies and proofs. As an example, at the end we show an application to solve an open
problem. Finally, we make a useful summary to be used on a daily basis.
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Introduction.

Following the prove in “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], every
polynomial sequence of integers always has its simplest equation of all. The simplest equation of
all is always the one with the smallest (or largest if the sign is reversed) coefficients. It's the same
idea as what happens with fractions.

This way, the elements produced at indexes closest to 0 will always be those with the smallest
(or largest if the sign is reversed) values of the polynomial sequence. As a consequence of this
property, we can find the absolute offset f = 0 for any polynomial sequence.

The equation of the offset sequence f = 0 is the one that has the polynomial curve in the XY
plane with the symmetry point coordinate closest to 0.

From the finite number of elements of any infinite sequence, we will use the method of
differences property to differentiate a polynomial function from a non-polynomial function.

1.1. Notation for polynomials in our studies.

We are adopting the following criteria:

e We reserve the use of parentheses () only in the equation formulas.
e To express the functions and derivatives, we substitute parentheses by square brackets [ ].
e To denote data sequences, we use curly brackets { }.
e To differentiate from finite sequences, infinite data sequences begin and/or end with the
three dots...
e Generically, we denote any polynomial function element as being Y[y].
o The reason to use Y[y] is because when we want to draw the polynomial in the
XY plane (like GeoGebra), we make x in the function of the index y, or x = Y[y].
e When we want to distinguish or highlight the d" degree of the polynomial, we note Yd[y]
orx = Yd[y].
e  When we want to make the p™ power operation on a d™ degree polynomial:
o if we do not want to mention the degree d of the polynomial: (Y[y])?.
o if we want to mention the degree d of the polynomial: (Yd[y])P.
e Notation for derivatives:
o example for 3™ derivative:

d°Y[y]
_ vyI3] _
Y[yl =YB[y] I
d3yd[y]
_ vI3] _
Ydly] = YPld[y] = I

o example for n' derivative:
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ynl
[v] "
dyd[y]
[n] —
yitld[y] "

1.2. The generic polynomial equation.

The generic equation of d™ degree polynomial is:
x =Yd[y]l = agy®+ ag_1y* 1+ o+ ayt +azyd + ay? + a1y +aq

Because our studies use quadratics very intensive, we will stand for the generic polynomial
equation as:

x =Ydly]l = agy? + ag_ 1y + o+ agyt +agyd +ay? + by + ¢

a:az
b=a1
C = Qg

The nomenclature used to express the number of elements needed to form a polynomial is the
same nomenclature used in music to define the number of elements in a band: solo, duet, trio,
quartet, etc.

One element, the sole element, defines 0" degree polynomial. We express the solo elements as:
x=Y0[y] = c = {x}

Two consecutive elements, a duet, define 1% degree polynomial. We express the duet elements
as:

x=Y1[y] = by + ¢ = {x1, %, }1
Three consecutive elements, a trio, define 2" degree polynomial. We express the trios as:
x =Y2[y]l = ay?+ by + ¢ = {x1, x5, x3}
Four consecutive elements, a quartet, define 3™ degree polynomial. We express the quartets as:
x =Y3[y] = azy> + ay? + by + ¢ = {x1, X3, X3, X4}
Five consecutive elements, a quintet, define 4™ degree polynomial. We express the quintets as:

x = Y4yl = ayy* + azy3 + ay? + by + ¢ = {x1, x5, X3, X4, X5}

!'If we had used parentheses instead of curly brackets, then there could have been confusion with the point
notation in the XY plane.
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Six consecutive elements, a sextet, define 5™ degree polynomial. We express the sextets as:
x =Y5[y] = agy® + a,y* + azy® + ay? + by + ¢ = {x1, x5, X3, X4, X5, X}

This continues for septic, octic, nonic, decic, etc.

1.3. Distribution of the elements along the indexes to produce offset f = 0.

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], see in the
table below which elements must be used to form the simplest equation at offset f = 0 according
to the d"-degree of the polynomial.

Index

0

Figure 1. Table of the distribution of the elements of the finite sequences along the indexes that
form the dth-degrees of the polynomials at offset f = 0.

The letters from "e" to "k" represent the elements x = Yd[y] for indexes range —3 < y < 3.

1.4. Notation for differences between two consecutive elements.

Let us denote the differences between two consecutive elements in any polynomial as:
difilyl = dif =Yd[y + 1] - Yd[y]

Then, the differences between the consecutive differences are:

difz[y] = difdif = difi[y + 1] — dify[y]
dif;[y] = difdifdif = dif;[y + 1] = dif>[y]
difyly] = difdifdifdif = difs[y + 1] = difs[y]

dify[y] = difdif ..h ..dif = dif,_,[y + 1] — dify_s[y]
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1.5. Notation for index direction in any polynomial sequence.

Any polynomial integer sequence has two directions. This is the reason any polynomial has two
recurrence equations.

If the direction is:

Ydlyl={.ef, g hijk..}=\{..kjihgf,e.}\
Then, the reverse direction is:

\Ydly\={..k,j,i,h,g,f,e..}=\{..e,f, g, hijk.}\

In these studies, if an OEIS sequence is Axxxxxx, then we write \Axxxxxx\ the representation
of that sequence in the reverse direction.

2. The simplest polynomial equation.

In the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5] we showed the
simplest equation only for quadratics. Now, we will show the simplest equations for polynomials
up to degree 6th.

2.1. The simplest equation for 0™ degree polynomial (constant).

The general polynomial equation of 0™ degree, is:
x=Y0[y]=c

We must find the value of only one coefficient c. Then, to find all the coefficients we must choose
the only one element from the x = YO0[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x; =Y0[0]=h=c
Using Cramer’s rule:
A=]1] =1
A= |h| =h

A _h_,
CTAT1T

The general most simple equation for the polynomial 0™ degree is:
YO[y] =h
X = Xq
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2.2. The simplest equation for 1° degree polynomial (linear).

The general polynomial equation of 1% degree, is:
x=Y1llyl=by+c

We must find the value of the 2 coefficients given by b, c¢. Then, to find all the coefficients we
must choose 2 consecutive elements from x = Y1[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x;=Y1[0]=h=c
x, =Y1[l]=i=b+c

Using Cramer’s rule:

_ 0 1y _ _
A—|1 =1
o1,
Ab_|l 1|—h l
0 h
A= |y l_|=—h
b _h—i_
A -1 ¢
A, ~—h
=—=—=h
“TAT T

The general most simple equation for the polynomial 1% degree is:
Yi[y] = (i —h)y+h

x=(x; —x)y+x;

2.3. The simplest equation for 2"? degree polynomial (quadratic).

The general polynomial equation of 2" degree, is:
x=Y2[y]=ay*+by+c

We must find the value of the 3 coefficients given by a, b, c. Then, to find all the coefficients we
must choose 3 consecutive elements from x = Y2[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x,=Y2[-1]=g=a(-1)?+b(-1) +¢
x, =Y2[0] = h=a(0)?>+b(0) +c
x3=Y2[1]=i=a()?+b(1) +c
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Or,

Using Cramer’s rule:

1 1 1
Az‘O 0 1‘=—2
1 1 1
g -1 1
Ap=|h 0 1l=—-g+2h—i
i 1 1
1 g 1
Ap=10 h 1|=g—1i
1 i1
1 -1 g
A= 10 0 h|=-2h
1 1 i
Then,

Ay —g+2h—i g—2h+i
“CATT 2 T 2
b_Ab_g—i_—g+i

A =22

_AC_—Zh_h
‘TAT =27

The general most simple equation for the 2™ degree polynomial is:
—2h+i —g+i
v2[y] =< y2+ Iy 4
2 2

X1 —2x, +x X3 —X

L= 22 3y2+32 2y+x2

2.4. The simplest equation for 3" degree polynomial (cubic).

The general polynomial equation of 3™ degree, is:

x =Y3[y] =azy®+ay*+by+c
We must find the value of the 4 coefficients given by as, a, b, c¢. Then, to find all the coefficients
we must choose 4 consecutive elements from x = Y3[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,
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x,=Y3[-1] =g =a3;(-1)3+a(-1)?+b(-1) +c¢
x, =Y3[0]=h=c
x3=Y3[l]=i=az+a+b+c
x, =Y3[2] =j=a3(2)3+a(2)?+b(2)+c
Then,
x =Y3[-1]l=g=—-as;+a—-b+c
x, =Y3[0]=h=c

Using Cramer’s rule:

-1 1 -1 1
oo o 1_
A=l 11 1 1%
8 4 2 1
g 1 -1 1
Aa3=}; (1) (1) }=—2g+6h—6i+2j
j 4 21
-1 g -1 1
A= (1) }: g’ 1=6g—12h+6i
8 j 2 1
-1 1 g 1
Ap= (1) (1) }z 1=—4g—6h+12i—2j
8 4 j 1
-1 1 -1 g
00 0 h
Ae=14 1 1 4|=1%k
8 4 2
Then,
Ay, —2g+6h—6i+2j —g+3h—3i+j
B3="N T 12 - 6
A, 6g—12h+6i g—2h+i
G=h " 12 -T2
b_A,, —4g —6h+12i—2j —2g—3h+6i—j
A 12 B 6
A 12h
A 12

The general most simple equation for the 3™ degree polynomial is:
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—g+3h—3i+] —2h+1i —2g—3h+6i—j
Y3[y] = g ]y3+g y? + g ]y+h
6 2 6
—x; + 3x, — 3x2 + x X1 — 2X, + X —2x; — 3%, + 6x; — X
y = 1 26 3 4y3+ 1 22 3y2+ 1 26 3 4y+x2

2.5. The simplest equation for 4™ degree polynomial (quartic).

The general polynomial equation of 4™ degree, is:
x=Y4[y] = auy* + azy3 +ay®* + by + ¢

We must find the value of the 5 coefficients given by a4, as, a,b,c. Then, to find all the
coefficients we must choose 5 consecutive elements from x = Y4[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x, =Y4[-2] = f = a,(-2)* + a3(-2)3> + a(-2)? + b(-2) + ¢
X, =Y4[-1] =g =a,(-D*+ az(-1)3 +a(-1)?+b(-1) + ¢
X3 = Y4[0] = h =

x,=Y4[1]l=i=a,+az;+a+b+c

xs = Y42l =j=a,(2)*+ a3(2)* + a(2)>* + b(2) + ¢

Then,

x, =f =16a, —8a; +4a—2b+c
X,=g=a4—az+a—b+c
x3=h=c

Xy =i=ag+az3+a+b+c

x5 =j =16a, +8az; +4a+2b+c

Using Cramer’s rule:

16 -8 4 -2 1
1 -1 1 -1 1
A=l0 0 0 o0 1|=288
1 11 11
16 8 4 2 1
f -8 4 -2 1
g -1 1 -1 1
Ag,=|h 0 0 0 1|=12f-48g+72h—48i+12j
i 11 11
j 8 4 2 1
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16 f 4 -2 1
1 g 1 -1 1
A= 0 R 0 0 1|=-24f +48g — 48i + 24j
1 i1 11
16 j 4 2 1
16 -8 f -2 1
1 -1 g -1 1
A,=]10 0 h 0 1|=-12f+192g — 360k + 192i — 12j
1 1 i 11
16 8 j 21
16 -8 4 f 1
1 -1 1 g 1
M=o 0 0 n 1|=24Ff—1929 +192i — 24
1 11 i1
16 8 4 j 1
16 -8 4 -2 f
1 -1 1 -1 g
A=l0 0 0 o0 h|l=288h
1 11 1 i
16 8 4 2
Then,
Do, 12f —48g+72h—48i+12j f—4g+6h—4i+]
G =" = 288 = 24
Do, —24f +48g—48i+24j —f+2g—2i+]j
=) T 288 = 12
A, —12f +192g — 360k +192i —12j —f + 16g — 30h + 16i — j
C=A T 288 = 24
, D _24f — 1929 +192i —24j _f~8g+8i—)
A 288 B 12
A, 288h
A 288

The general most simple equation for the 4™ degree polynomial is:

[-4g+6h—di+) , —f+29-2i+] . —f+16g9-30h+16i—) ,
= y

Y4
] 24 12 Y 24 Y
f—8g+8i—j
+ +h
12 7
Xy —4x; +6x3 —4xy + x5, —xXy+2x; — 2%, + X5
X =
24 Y 12
—x; + 16x, — 30x3 + 16x4 — x x; —8x; +8x4 —x
+ 1 2 3 4 Syz + 1 2 4 5 y + X3
24 12
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2.6. The simplest equation for 5" degree polynomial (quintic).

The general polynomial equation of 5™ degree, is:

x =Y5[yl = asy® + auy* + azy® + ay? + by + ¢

We must find the value of the 6 coefficients given by as, a4, as, a, b, c. Then, to find all the
coefficients we must choose 6 consecutive elements from x = Y5[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x, =Y5[=2] = f =as(—=2)° + a,(—2)* + a3(-2)3 + a(—2)? + b(=2) + ¢
x, =Y5[-1] =g =as(-1)° + a,(-D*+ az(-1)3+a(-1)? + b(-1) + ¢
x3=Y5[0]=h=c

x,=Y5[1l]=i=as+a,+a3;+a+b+c

xs =Y5[2] =j =as(2)° + a,(2)* + a3(2)> + a(2)2 + b(2) + ¢

xe =Y5[3] =k =as(3)°+a,(3)*+a3(3)> +a3)?+b(3) +¢

We have a linear system:

—32as +16a, —8az+4a—2b+c=f =x
—as +a, —az +a—-b+c=g=x,
c=h=x;

as +a, +az; +a+b+c=i=x,

32as +16a, + 8az; +4a+2b+c=j = x5
243as +8lay + 27a3 +9a+3b+c =k = x4

Using Cramer’s rule:

~32 16 -8 4 -2 1
-1 1 -1 1 -1 1
| o 0o o0 o 1f__
Al o1 11 1 g7 0
32 16 8 4 2 1
243 81 27 9 3 1
f 16 -8 4 —2 1
g 1 -1 1 -1 1
o009 0 1= 2881 — 14409 + 2880k — 2880i + 1440] — 288k
j 16 8 4 2 1
k 81 27 9 3 1
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—32 f -8 4 -2 1
1 g -1 1 -1 1
0O h 00 01 . .
Ap = = —1440f + 5760g — 8640h + 5760i — 1440
as 1 i 11 11 J+5760g o760 J
32 j 8 4 21
243 k 27 9 3 1
—32 16 f 4 -2 1
1 1 g1 -1 1
A | 0 0oRro0 01
as 1 1 i1 11
32 16 j 4 2 1
243 81 k 9 3 1
= 1440f + 1440g — 14400k + 20160i — 10080; + 1440k
32 16 -8 f -2 1
1 1 -1 g -1 1
b=| 0 %R 9 M= 14401 — 230409 + 43200h — 230401 + 1440
32 16 8 j 2 1
243 81 27 k 3 1
32 16 -8 4 f 1
1 1 -1 1 g 1
Aol 00 00 1
b 1 1 11 i1
32 16 8 4 j 1
243 81 27 9 k 1
= —1728f + 17280g + 11520h — 34560i + 8640 — 1152k
~32 16 -8 4 -2 f
1 1 -1 1 -1
| o 0o o0 o n__
a=| 7 7 77 ] "|=-34560n
32 16 8 4 2 |
243 81 27 9 3 k
Then,
A, 288f — 1440g + 2880h — 2880 + 1440j — 288k
S=a T —34560
_ —f+5g — 10k +10i — 5j + k
B 120
A, —1440f +5760g — 8640k + 5760i — 1440j  f —4g + 6h — 4i + ]
= T —34560 B 24
A, 1440f + 1440g — 14400k + 20160i — 10080) + 1440k
B=h 7 —34560
 —f—g+10h—14i+7j —k
B 24

Title: The Polynomial Simplest Equations, the Symmetry Point, the Two Simplest Recurrence Equations, and the
Method of Differences. — Author: Charles Kusniec - Page 12 of 52



A,  1440f — 23040g + 43200k — 23040i + 1440j  —f + 16g — 30h + 16i — j

=N —34560 24
. _ v _ —1728f +17280g +11520h — 34560i + 8640j — 1152
A —34560
_ 3f —30g — 20h + 60i — 15] + 2k
B 60
A, —34560h
©TA T 34560

The general most simple equation for the 5™ degree polynomial is:

_ —f+5g-10h+10i—5j+k , f—4g+6h—4i+j ,

5
Y5[y] 120 y >4 y
+—f—g+10h—14i+7j—k 3+—f+16g—30h+16i—j 5
24 Y 24 Y
3f —30g — 20h + 60i — 15 + 2k
+ ! g / y+h
60
_ —x1 + 5% — 10x3 + 10x, — 5x5 + X4 5+x1—4x2+6x3—4x4+x5 4
*= 120 Y 24 Y
—x1 — X2 + 10x3 — 14x4 + 7x5 — %6,
24
+—x1+16x2—30x3+16x4—x5 )
24
3x; — 30x, — 20x3 + 60x, — 15x5 + 2x4
+ 50 y + x3

2.7. The simplest equation for 6™ degree polynomial (sextic).

The general polynomial equation of 6™ degree, is:
x =Y6[y]l = agy® + asy® + ayy* + azy® +ay? + by + ¢

We must find the value of the 7 coefficients given by ag, as, ay, as, a, b, c. Then, to find all the
coefficients we must choose 7 consecutive elements from x = Y6[y].

Following the study “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], we can get
the simplest equation of all when the central index is y = 0. Then,

x, =Y6[-3] =e =ag(—3)°+ as(—3)°> + a,(—3)* + a3(=3)3 + a(-3)2 + b(-3) + ¢

x, =Y6[-2] = f = ag(—=2)° + as(—2)° + a,(=2)* + a3(—=2)3 + a(-2)? + b(-2) + ¢
x3=Y6[-1] =g =as(—1)® +as(—1)°> + as(-D* + az(-1)> + a(-1)?> + b(-1) + ¢
x,=Y6[0]=h=c

xs =Y6[l]=i=ag+as+a,+as;+a+b+c

xg = Y6[2] = =ag(2)° +as(2)° + a,(2)* + a3(2)2 +a(2)2+ b(2) + ¢

x;, =Y6[3] =k =0as(3)°+as(3)° +a,(3)* +as(3)3+a(3)?+h(3) +c
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We have a linear system:

x; = Y6[-3] = e =729a¢ — 243as + 8la, — 27a3 +9a —3b +c
X, =Y6[-2] = f = 64as —32as + 16a, —8az +4a—2b + ¢
x3=Y6[-1l=g=a¢—as+a,—az;+a—b+c
x, =Y6[0]=h=c
xg =Y6[l]=i=a¢+as+a,+a;+a+b+c
Xe = Y6[2] =j = 64a4 + 32a5 + 16a, + 8as +4a+ 2b + ¢
x; =Y6[3] =k = 729a¢4 + 243a5 + 8la, + 27a; +9a+3b + ¢
Using Cramer’s rule:
729 =243 81 -27 9 -3 1
64 -32 16 -8 4 -2 1
1 -1 1 -1 1 -1 1
A=10 0 0 0 0 0 1|=-24883200
1 1 1 1 1 1 1
64 32 16 8 4 2 1
729 243 81 27 9 3 1
e —243 81 -27 9 -3 1
f —-32 16 -8 4 -2 1
g -1 1 -1 1 -1 1
Ag,= |h 0 0 0 0 0 1
i 1 1 1 1 1 1
j 32 16 8 4 2 1
k 243 81 27 9 3 1
= —34560e + 207360f — 518400g + 691200h — 518400i + 207360j
— 34560k
729 e 81 =27 9 -3 1
64 f 16 -8 4 -2 1
1 g 1 -1 1 -1 1
Ae=|0 h 0 0 0 0 1
1 i1 1 1 1 1
64 j 16 8 4 2 1
729 k 81 27 9 3 1
= 103680e — 414720f + 518400g — 518400i + 414720 — 103680k
729 =243 e =27 9 -3 1
64 -32 f -8 4 -2 1
1 -1 g -1 1 -1 1
A=|0 0 R 0 0 0 1
1 1 [ 1 1 1 1
64 32 j 8 4 2 1
729 243 k 27 9 3 1

= 172800e — 2073600f + 6739200g — 9676800h + 67392001
— 20736005 + 172800k
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729 —243 81 e 9 -3 1
64 -32 16 f 4 -2 1
1 -1 1 g1 -1 1
Ag,=1 0 0O 0 h O 0 1
1 1 1 i1 1 1
64 32 16 j 4 2 1
729 243 81 k 9 3 1
= —518400¢ + 41472001 — 67392009 + 6739200i — 4147200;
+ 518400k

729 —243 81 -27 e
64 -32 16 -8 f
1 -1 1 -1 g -1
Ae=] 0 0O 0 0 h
1 1 1 1 i
64 32 16 8
729 243 81 27 k 3 1
= —138240e + 1866240f — 186624009 + 33868800h — 18662400i

+ 18662405 — 138240k

N T =y

729 —243 81 -27 9 e 1
64 -32 16 -8 4 f 1
1 -1 1 -1 1 g 1
Ap=1 0 0O 0 0 0 h 1
1 1 1 1 1 i1
64 32 16 8 4 j 1
729 243 81 27 9 k 1

= 414720e — 3732480f + 186624009 — 18662400i + 3732480j

— 414720k

729 —243 81 -27 9 -3 e
64 -32 16 -8 4 -2 f
1 -1 1 -1 1 -1 g
A= 0 0 0 0 0 O h|=-24883200h
1 1 1 1 1 1 i
64 32 16 8 4 2
729 243 81 27 9 3 k
A
_ —34560e + 207360f — 5184009 + 691200k — 518400i + 207360; — 34560k
N —24883200
_ A4, 103680e — 414720f + 5184009 — 518400i + 414720j — 103680k
45="7 7 —24883200
A

_172800e — 2073600f + 67392009 — 9676800k + 6739200i — 2073600/ + 172800k
B —24883200
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Ag,  —518400e +4147200f — 67392009 + 67392001 — 4147200/ + 518400k

B3=N T —34560
A,
a= K
_ —138240e + 1866240f — 18662400g + 33868800k — 18662400i + 1866240) — 138240k
B —34560
A, 414720e — 3732480f + 186624009 — 18662400i + 3732480 — 414720k
A —34560
A, —24883200h
©="A T 24883200
Or
_Ag, _e—6f+15g —20h+15i— 6] + k
%=~ 720
Ay —e+4f—-59+5i—-4j+k
=" = 240
A, —e+12f —39g +56h —39i + 12j — k
W= 144
A, e—8f+13g—13i+8/—k
B="Q T 48
A, 2e—27f +270g — 490h + 270i — 27j + 2k _
A=A T 360 =
b—Ab _ —e+9f —45g+45i—-9j +k
A 60
A,
= — = h
“=A

The general most simple equation for the 6™ degree polynomial is:

_e—6f+159—20h+15i—-6j +k 6+—e+4f—5g+5i—4j+k
= 720 Y 240 Y
, —e+12f ~39g +56h—39i +12j — k
144 Y

L =8 +139-13i+8j —k
48 Y
, 26~ 27f +270g — 490h + 270i — 27} + 2k

360 Y
—e+9f —45g + 45 — 9/ + k
+ f =45 J +h

60 Y

5

Y6[y]

4

3

2
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X1 — 6x, + 15x3 — 20x, + 15x5 — 6x¢ + X5

— 6
* 720 Y
—Xy + 4x; — Sx3 + 5x5 —4xg + X7 .
240 Y
4 —x1 + 12x; — 39x3 + 56x, — 39x5 + 12x6 — %7 ,
144 Y
x1 — 8xy + 13x3 — 13x5 + 8x5 — x7
+
48
2x1 — 27x3 + 27x39 — 490x4 + 270x5 — 27x6 + 2x;
+ y
360
—x1 + 9x, — 45x3 + 45x5 — 9x¢ + x;
+ 60 Y+ Xy

3. Symmetry Point of any Polynomial.

Following the “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5] study's reasoning,
we will calculate the symmetry points for all polynomials up to the 6™ degree.

3.1. Symmetry Point in 0™ degree polynomial.

To get the Y-coordinate of the symmetry point of any 0™ degree polynomial function, we have

to calculate the value of y where the “first-negative-of-the-derivative” results in 0:
d-1Yo[y]
— Y0
dy~1

Since we don't know what a "negative-of-the-derivative" is, the Y-coordinate of the symmetry
point is undetermined.

d~'YO0[y]

Yspyory [@ dy—1 = 0] = undetermined

3.2. Symmetry Point in 1* degree polynomial.

To get the Y-coordinate of the symmetry point of any 1% degree polynomial function, we have to
calculate the value of y where the “no-derivative” results in 0:

d°Y1[y]
dy° -
d°(by + c)
dy° =0
bys, +c =0
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3.3. Symmetry Point in 2"! degree polynomial.

We get the Y-coordinate of the symmetry point of any ond degree polynomial function at:
d'v2[y]
dy?! N
So,
d(ay’+ by +c) _
dy N
2lays, +1'b =0

—g+1
_ b 1 gz
Y= "0 "2\ g=-2n+1i
2
—g+1
dty2[y] 1'b 1 > 1( —g+i )
Yspxa[y dyt " 2ta 2\ g-—2h+i 2\g—2h+i
2

Then,
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b? b2

xsp = E — % Cc
b? — 2b? + 4ac
Xsp = 4a
B b? — 4ac
Xsp = 4a
b>—4ac b
SpYZ[y](x:y) = T 4a ' 24

3.4. Symmetry Point in 3" degree polynomial.

We get the Y-coordinate of the symmetry point of any 3™ degree polynomial function at:

d?Y3[y]
dy?

d*(azy® +ay? + by +c) 0
dy? B

Then,
3lysp +2'a=10

g—2h+i :
@dZYS[y]_O _2la 1 s B 1( g—2h+i )
Yspysiy dyz | T T3la; 3\ =g+3h—3i+j )  \“g+3n—3i+]
6
d?Y3 a X1 —2x, + x
Yop @Jzoz——=—1< —— )
Y3[y] dyz 3a3 —xl + 3x2 - 3x3 + x4

Then,

Xsp = A3Yey + aYay + bysy + €

~as(~5) +el5g) +#(-50)
Xsp = G 3a; ¢ 3a; 3a; ¢

asa® N 3 ab N
Xgp = — - c
P 27a3  9a3 3az
a3 N a> ab N
Xep = — - c
P 27a%  9a? 3as
a3 3a® 9azab

+c

—_ _I_ —_
27a3%  27a% 27a3
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_ 2a® —9azab

Xspyapy = 27 +c
2a3 — 9azab a g—2h+i
PO bl SRR )
SPrap1 (%) 27a? e 3as —g+3h—3i+] l

3.5. Symmetry Point in 4™ degree polynomial.

We get the Y-coordinate of the symmetry point of any 4™ degree polynomial function at:

d3v4[y]
Z_Yi_p
dy?
d*(asy* +azy® +ay? + by +c) 0
dy3 B

4layyy, +3ta; =0
—f+2g—2i+]
@d3Y4[y]_0 _ 3la; a3 1 ! %2 /

Yspyaly) dy3 | 4la, 4a, 4\f—4g+t6h—4i+]
24

_ 1( —f+29g—2i+j )
 2\f—4g+6h—4i+]

d3v4[y] 0] _ G 1( —x1 + 2x; — 2x4 + Xsg )

Yspyaiy [@ dy3 - C4a,  2\x; — 4x, + 6x3 — 4x, + x5

3.6. Symmetry Point in 5™ degree polynomial.

We get the Y-coordinate of the symmetry point of any 5™ degree polynomial function at:

d*Y5[y]
dy*

d*(asy® + a,y* +azy® +ay* + by +¢) 0
dy* B

Slasys, +4'a, =0
f—4g+6h—4i+]j

d4Y5[y] —ol = 4! a, _ 1 24
Yorvstn) |@ 5 = 0| = T51a, = "5\ =f 755 —10h T 10i—5j T k
120

_ 1( f—4g+6h—4i+] )
B —f+59—10h+10i —5j + k
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@d‘*YS[y]_() _ay __1< X1 — 4x, + 6x5 — 4x4 + X5 )
Yspysiyl dyt* | B —x;1 + 5x, — 10x3 + 10x, — 5x5 + x¢

3.7. Symmetry Point in 6™ degree polynomial.

We get the Y-coordinate of the symmetry point of any 6" degree polynomial function at:

d°Y6[y]
)
dy>
d*(agy® + asy® + a,y* + azy® + ay* + by +c) _ 0
dy> B

6!agys, +5'as =0
—e+4f —5g+5i—4j+k

d°velyl _ I _ _Stas_ 1 240
Yoova | "gys = 0| = Tora, - 6\ e—6f + 159 — 20h T 15— 6] + K
Y ° 720

_ 1( —e+4f —5g+5i—4j+k )
~ 2\e—6f+15g—20h +15i—6j + k

6as 2

@d5Y6[y]:0 _ as 1( —Xxq + 4x, — 5x3 + 5x5 — 4x¢g + x; )
Yspyoly) dy> Xy — 6x5 + 15x53 — 20x, + 15x5 — 6x¢ + X5

4. Recurrence Equations of any Polynomial.

Because the same recurrence equation can generate infinitely many different polynomial
sequences with the same degree, then all recurrences equations should be written in such a way
that considers at least any smallest part of the sequence (in any index or any offset).

The minimum number of consecutive elements needed to find the recurrence formula of a
polynomial x = Yd[y] of d™ degree is d + 1. This is a direct consequence that each d™ degree
polynomial has d + 1 coefficients in its equation.

Because we showed in “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5] that every
polynomial has an offset equation f = 0, here also we will use the smallest possible elements to
find the simplest recurrence formulas for polynomials. We'll do this in both directions of the
indexes.

We could also obtain the simplest recurrence formulas by directly using the simplest formulas of
the polynomial equations obtained above. But so that this study does not take too long, anyone
who is curious can consult [9].

Title: The Polynomial Simplest Equations, the Symmetry Point, the Two Simplest Recurrence Equations, and the
Method of Differences. — Author: Charles Kusniec - Page 21 of 52



4.1. Recurrence algorithm for 1% degree polynomial in the increasing
direction of the indexes.

The general formula of a 1st degree polynomial is:
x=Y1lyl=by+c
In the upward direction from index 0 we have:

x; =Y1[0] =¢
x, =Y1[1l]=b+c
x3 =Y1[2] =2b+¢

The recurrence algorithm in the increasing direction of the indexes is:

.X3 S _xl + Z.XZ

4.2. Recurrence algorithm for 1% degree polynomial in the decreasing
direction of the indexes.
In the downward direction from index 0 we have:

xo=Y1[-1]=-b+c
x; =Y1[0] =¢
x, =Y1[1l]=b+c

The recurrence algorithm in the decreasing direction of the indexes is:

Xg = 2x1 — X

4.3. Recurrence algorithm for 2"? degree polynomial in the increasing
direction of the indexes.

The general formula of a 2™ degree polynomial is:

x=Y2[yl=ay*+by+c
In the upward direction from index 0 we have:
x;=Y2[-1]=a—-b+c
x, =Y2[0] =c
x3=Y2[1]=a+b+c
x, =Y2[2] =4a+2b+c
Substituting Y2[1] and Y2[0] in Y2[2],
Y2[2] = 4Y2[1] — 2b — 3¢
Y2[2] = 4Y2[1] — 2b — 3Y2[0]
If,
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Y2[-1]=a—-b+c
Y2[1]=a+b+c

Then,
Y2[-1] =Y2[1] = -2b
The value of b:

—Y2[-1]+Y2[1]  —x; +x3
2 N 2

Substituting —2b in Y2[2],
Y2[2] = 4Y2[1] + Y2[-1] — Y2[1] — 3Y2[0]
Y2[2] = 3Y2[1] + Y2[-1] — 3Y2[0]
Y2[2] = Y2[-1] — 3Y2[0] + 3Y2[1]
The recurrence algorithm in the increasing direction of the indexes is:

x4 =x1 _3x2 +3x3

4.4. Recurrence algorithm for 2" degree polynomial in the decreasing
direction of the indexes.
In the downward direction from index 0 we have:

xo=Y2[-2]=4a—-2b+c
x; =Y2[— ]—a—b+c
xz = YZ[O]

Y2[1]=a+b+c
Substituting Y2[1] and Y2[0] in Y2[ 2],

Y2[—-2] = 4Y2[1] — 6b — 3¢
Y2[-2] = 4Y2[1] — 6b — 3Y2[0]

If,

Y2[-1]=a—-b+c
Y2[1]=a+b+c

Then,

Y2[-1] — Y2[1] = —2b
3Y2[—1] — 3Y2[1] = —6b

Substituting —6b in Y2[—2],
Y2[—2] = 4Y2[1] + 3Y2[-1] — 3Y2[1] — 3Y2[0]
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Y2[-2] =Y2[1] + 3Y2[-1] — 3Y2[0]
Y2[-2] = 3Y2[—-1] — 3Y2[0] + Y2[1]
The recurrence algorithm in the decreasing direction of the indexes is:

Xg = 3x1 - 3x2 +X3

4.5. Recurrence algorithm for 3" degree polynomial in the increasing
direction of the indexes.

The general formula of a 3™ degree polynomial is:

x=Y3[yl =azy®*+ay*+by+c
In the upward direction from index 0 we have:

x; =Y3[-2]=—-8as;+4a—-2b+c

x, =Y3[-1]=—az;+a—-b+c
x3 =Y3[0] =c
xs=Y3[l]=as;+a+b+c
x5 =Y3[2] =8az;+4a+2b+c

Putting Y3[2] in function of Y3[—-2]:
Y3[2] = —¥Y3[-2] + 8a + 2Y3[0]

Finding 8a:
[1] —az;+a—b+c
Y3[1]=as;+a+b+c
Y3[1] + Y3[-1] = 2a + 2Y3[0]

2a =Y3[1] + Y3[—-1] — 2Y3][0]
So, the value of a is:
Y3[—1] — 2Y3[0] + Y3[1] X1~ 2X3 + X3
2 B 2
8a = 4Y3[—1] — 8Y3[0] + 4Y3[1]

a =

Substituting 8a in Y3[2]:
Y3[2] = =Y3[-2] + 4Y3[1] + 4Y3[—1] — 8Y3[0] + 2Y3[0]
Y3[2] = =Y3[-2] + 4Y3[—-1] — 6Y3[0] + 4Y3[1]
The recurrence algorithm in the increasing direction of the indexes is:

X5 = —x1 +4x, — 6x3 + 4x,
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4.6. Recurrence algorithm for 3" degree polynomial in the decreasing
direction of the indexes.
We can put Y3[—2] in function of Y3[2]:
Y3[-2] = —Y3[2] + 8a + 2Y3[0]
Finding 8a:

Y3[-1]=—as;+a—b+c
Y3[1]=as;+a+b+c
Y3[1] + Y3[-1] = 2a + 2Y3[0]
2a = Y3[1] + Y3[—1] — 2Y3[0]

So, the value of a is:

Y3[—1] — 2Y3[0] + Y3[1] x; — 2%, + x5
a = =
2 2

8a = 4Y3[—1] — 8Y3[0] + 4Y3[1]

Substituting 8a in Y3[—2]:
Y3[-2] = =Y3[2] + 4Y3[1] + 4Y3[-1] — 8Y3[0] + 2Y3[0]
Y3[-2] = 4Y3[-1] — 6Y3[0] + 4Y3[1] — Y3[2]
The recurrence algorithm in the decreasing direction of the indexes is:

xO S 4'x1 - 6x2 + 4’.X3 _x4

4.7. Recurrence algorithm for dth degree polynomial from the Pascal’s
Triangle.

The smallest data sequence of a d™ degree polynomial sequence is (d + 1) consecutive elements.
They are the minimum number of polynomial elements, in any offset, necessary and sufficient to

figure out the unique polynomial infinite sequence.

Because all polynomials obey the method of common differences and partial sum, then the same
recurrence equation can generate infinitely many different sequences with isomorphic properties.
So, all recurrences equations consider at least one smallest size part of the sequence in any offset

or index.

The recurrence equation of any polynomial is a direct consequence of the method of common

differences.

Because of the polynomial’s curve symmetry, we can get the recurrence coefficients directly

from the Pascal’s triangle. Each row of Pascal's triangle is palindromic.

Because of the symmetry in Pascal's triangle, we can set up two isomorphic triangular tables.

Both tables have a vertical column and a diagonal column of sequences of 1's.

Title: The Polynomial Simplest Equations, the Symmetry Point, the Two Simplest Recurrence Equations, and the

Method of Differences. — Author: Charles Kusniec - Page 25 of 52



In one table the vertical sequence of 1's is on the left and in the other table the vertical sequence
of 1's is on the right, as shown in the figure below:

m Pascal's Triangle - vertical 1's to the left - M Pascal's Triangle - vertical 1's to the right
1 4
310 o

4“4 1 16
5 10 101 32 n
[ |
[ » |

1

1
¥
o

!_‘

1 10 10
o s o 58] - IR o AL
21 21 - 1 128 1 21 21
28 70 - 28 n 1 256 1 n 28 70 28
36 84 126 126 84 1 512 1 84 126 126 84 36

o o EOED = EOEED = o (0 o [ v o« B EONED = o

Figure 2. C001107 The two Pascal's triangle symmetric arrays where each has a vertical column
Of 6‘1 ,S,’,

Each row of Pascal's triangle has a finite symmetrical sequence in the form of SUB-type or DES-
type. The sum of the elements in each row figures out the type of finite sequence.

The sum of Pascal’s triangle rows produces the sequence https://oeis.org/A000079 2™ =

2integer'

Rows with sums 22™ = 2€Vé" https://oeis.org/A000302 are in the form of SUB-type.

Rows with sums 221 = 2994 https://oeis.org/A004171 are in the form of DES-type.
https://oeis.org/A000079 = https://oeis.org/A000302 U https://oeis.org/A004171

As we saw in “Shift, Symmetry and Asymmetry in Polynomial Sequences”[5], these very same

Pascal triangles are used to obtain the coefficients of the Taylor shift equations.

When we alternately inverse the sign of the elements of the rows of Pascal's triangle, the sum of
its rows 1is reduced to zero:
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Pascal's Triangle - vertical 1's to the right and alternating signal

Pascal's Triangle - vertical 1's to the left and alternating signal
=1l

ﬂﬂ-ﬂ ;

3 » EAN
» 1 ~ [ =

-36 84 -126 126 -84 -9 1 1 126 -126 84 -36 -1
i 1o <= (D - K = o 80« (IR = BN = o b

Figure 3. C001107 Pascal's triangle with alternating signal in each row element. The sum of the
elements of each row > 11s 0.

e - B9 -
oo - -l

For each polynomial degree, the two recurrence equation coefficients appear when we cut only
the vertical column of {—1} elements.

m Recurrence coefficients towards decreasing index M Recurrence coefficients towards increasing index
ee

9 . E B
» o I

B [55] o [s] © [
i - E1E3 - N
"0 - - - 0n

nnnw-m-nn |
n 9 -36 84 -126 126 -84 -9 1 1 126 -126 84 -36 n
KOEN - - (0B - ENOEED = o 0 [ I o <« [E0EER = B = v« R

Figure 4. C001107 Each row in the two tables has the two sets of recurrence coefficients, one
set for each direction of the index.

N
o

[}

Because of the {—1} vertical column cut, the sum of the elements in each row > 1 is 1.

One table shows the recurrence coefficients in the increasing index direction and the other in the
decreasing index direction. Now, the application of the recurrence algorithm no longer depends
on the position where consecutive elements will be used. This is because in any range of the
polynomial sequence the recurrence algorithm is always the same.

These properties reflect the behavior, or the action, of the method of common differences or the
partial sum which is the principle of any polynomial sequence.
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So, we can propose two new sequences to the OEIS:

Coefficients of polynomial recurrence equations with increasing index: C001105 {1, -
1,2,1,-3,3,-1,4,-6,4, 1, -5, 10, -10, 5, -1, 6, -15, 20, -15, 6, 1, -7, 21, -35, 35, -21,
7,-1, 8, -28, 56, -70, 56, -28, 8, 1, -9, 36, -84, 126, -126, 84, -36, 9, -1, 10, -45, 120, -
210, 252, -210, 120, -45, 10, 1, -11, 55, -165, 330, -462, 462, -330, 165, -55, 11, ...}.
This sequence is based on alternating the sign between the elements of the
https://oeis.org/A074909 Running sum of Pascal's triangle (https://oeis.org/A007318),
or beheaded Pascal's triangle read by beheaded rows.

Coefficients of polynomial recurrence equations with decreasing index: C001106 {1,
2,-1,3,-3,1,4,-6,4, -1, 5,-10, 10, -5, 1, 6, -15, 20, -15, 6, -1, 7, -21, 35, -35, 21, -7,
1, 8, -28, 56, -70, 56, -28, 8, -1, 9, -36, 84, -126, 126, -84, 36, -9, 1, 10, -45, 120, -210,
252, -210, 120, -45, 10, -1, 11, -55, 165, -330, 462, -462, 330, -165, 55, -11, 1, ...}.
This sequence is based on alternating the sign between the elements from the
https://oeis.org/A135278 Triangle read by rows, giving the numbers T(name) =
binomial(n+1, m+1); or Pascal's triangle https://oeis.org/A007318 with its left-hand
edge removed.

The coefficients of the recurrence equation of the polynomial of degree d are the coefficients of

Newton's binomial of power d + 1 with the exclusion of the binomial (d+1 or (dgl).

a+1

5. Method of differences in any polynomial.

Let’s denote the first difference between consecutive elements in any d degree polynomial as:

difilyl] =dif =Yd[y+1]-Yd[y] # 0

Then, the second difference between the consecutive first differences is:

Then,

difp[y] = difdif = difi[y +1] = difi[y] # 0

difs[y] = difdifdif = dif[y + 1] —dif[y] #0
difyly] = difdifdifdif = difs[y + 1] = difs[y] # 0

dij:,;_l[y] =difdif .n—1..dif =dif,_,[y+1] —dify_2[y] # 0
dif,[y] = difdif ..n..dif = dify_i[y + 1] — dif,_1[y] = 0

This procedure in polynomials always gets in a result where dif,, [y] = 0 for any y.

Then, we know the polynomial has degree d = n — 1.

5.1. Method of differences in 1st-degree polynomials (linear equations).

Given
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Then,

So,

Generically,

Y1i[y]=by +c

Yi[y+1]=b(y+1) +c
Yi[y+1]=by+b+c

difi[yl] = (by + b+ c) — (by +¢)

difilyl = dif =b

5.2. Method of differences in 2nd-degree polynomials (quadratic equations).

Given

Then,

So,

Y2[y] =ay*+by+c

Y2[y+1]l=a(y+1D?>+b(y+1)+c

Y2[y+1]l=a(@?*+2y+ 1) +by+b+c
Y2[y+1]l=ay?*+2ay+a+by+b+c
Y2[y+1]=ay?*+ (2a+b)y+a+b+c

Y2[y+2]=aly+2)>+b(y+2)+c

Y2[y+2]=a(y*+4y+4)+by+2b+c
Y2[y+2]=ay?*+4ay+4a+by+2b+c
Y2[y+2]=ay?*+ (4a+b)y+4a+2b+c

difi[y] = (ay?*+ 2a+b)y+a+b+c)— (ay? + by +¢)
difi[y] = (ay?*+ 2ay + by +a+ b +c) — (ay? + by + ¢)
difi[y] = (ay?*+ by + ¢+ 2ay + a + b) — (ay? + by + ¢)
dif,[ly] =2ay+a+b

difi[y +1] = (ay®* + (4a+ b)y+4a+2b+c) — (ay*+ (2a+ b)y+a+ b+ ¢)
difi[y + 1] = (ay® + 4ay + by + 4a + 2b + ¢) — (ay* + 2ay + by + a + b + ¢)
difi[y+1] =2ay+3a+b

Then,

difo[yl = difily +1] = difi[y]
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dify,ly]l = 2ay + 3a + b) — (2ay + a + b)
Generically,

dify[y] = difdif = 2a

5.3. Method of differences in 3rd-degree polynomials (cubic equations).

Given
Y3[y]l = azy® +ay®? + by +c¢
Then,
Y3[y+1]=a;(y+ 13 +aly+ D2 +b(y+1)+c
Y3[y+1] =a;(y3+3y?+3y+ 1) +aly?*+2y+1)+by+b+c
Y3[y + 1] = a3y + 3azy? + 3azy + a; + ay? + 2ay+a+by+ b +c
Y3[y + 1] = a3y® + 3az + a)y* + Bag+2a+b)y+as+a+b+c
Y3[y+2]=a;(y+2)3+aly+2)2+b(y+2)+c
Y3[y+2]=a;(y>+6y* + 12y +8) +a(y*+4y+4) +b(y+2) +¢
Y3[y + 2] = azy® + 6asy? + 12a3y + 8a; + ay? + 4ay + 4a+ by + 2b + ¢
Y3[y + 2] = azy3 + (6a; + a)y? + (12a; + 4a + b)y + 8a; + 4a + 2b + ¢
Y3[y+3]l=a3;(y+3)3+aly+3)2+b(y+3)+c
Y3[y+3]=a3;(y3+9y2 + 27y +27) +a(y?*+ 6y +9) + b(y+3) + ¢
Y3[y + 3] = azy® + 9a3y? + 27a3y + 27a; + ay* + 6ay + 9a + by + 3b + ¢
Y3[y + 3] = azy® + (9a; + a)y* + (27a3 + 6a + b)y + 27a; + 9a + 3b + ¢
So,

difilyl =Y3[y + 1] - Y3[y]

difi[y] = azy® + (3az + a)y* + Baz; +2a+b)y+az;+a+b+c
— (azy® + ay? + by + ¢)

difi[v] = 3a3y*+ (Baz; +2a)y +as +a+b

difily +1] =Y3[y + 2] - Y3[y + 3]

difi[y + 1] = azy® + (6as; + a)y? + (12a; + 4a + b)y + 8as + 4a + 2b + ¢ — (azy?
+ (Ba; + a)y?*+ (3az +2a+b)y+as+a+b+c)

difi[y + 1] = 3asy? + (9a; + 2a)y + 7a; + 3a+ b

difily + 2] = Y3[y + 3] = Y3[y + 2]
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difi[y + 2] = azy® + (9a3 + a)y? + (27a; + 6a + b)y + 27a; + 9a + 3b + ¢
— (azy® + (6az + a)y? + (12a3 + 4a + b)y + 8a; + 4a + 2b + ¢)
dif,[y + 2] = 3a3y? + (15a3 + 2a)y + 19a; + 5a + b

Now,

difply] = difily + 1] = difi[y]
dif;[y] = 3asy? + (9a; + 2a)y + 7a; + 3a + b — (3azy* + (3az + 2a)y + a; + a + b)
dif,[y] = 6asy + 6az + 2a

difoly + 1] = difily + 2] — difi[y + 1]

dif,[y + 1] = 3azy? + (15a; + 2a)y + 19a; + 5a + b
— (3asy? + (9a; + 2a)y + 7a; + 3a + b)

difoly + 1] = 6azy + 12a3 + 2a

Then,

difsly] = difly + 1] — dif;[y]
difsly] = 6asy + 12a; + 2a — (6azy + 6az + 2a)

Generically,

dif;[y] = difdifdif = 6as

5.4. Method of differences in dth-degree polynomials.

From the generic equation of polynomial d-degree
Yd[y] = agy® + ag_1y* 1+ -+ ay* +azy  +ay? + by + ¢
We have,
difaly] = d'ay

6. Understanding the Method of Differences in polynomials.

The addition increases the polynomial degree.
The subtraction decreases the polynomial degree.
This idea comes from The Babbage Engine.

We know that, if F[y] = y?, then,
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Fly+z]=(@+2)"
-+ (e Gyt (e e
+ ()"
Let’sbe z = 1:

=0 = () ()t G ) 2 ) )
Fly+11= @+ =y"+(7) v+ (5)y 2+ +(5) v + ({) vy +1

2 1
Fly + 11 = Fiyl+ (1) y" + () v 2.+ () v + (1) v + 1
Being,

Glyl = Fly + 1] = F[y]
Then,

61 = (1)y 7+ )yt ()t + () +1
degree[G [y]] = degree[F[y]] -1
highest order coef ficient[F[y]] = 1

highest order coef fcient[G[y]] = (711)

Now, from G[y]=F[y+1]—-F[y] = (711) yr 14+ (721) yri4 L+ (721) y% + (Tll)y +1, we
have:

Gy +11=(}) o+ + () o+ 2+ (" )G+ 02+ (" )o+D+1

Gly + 1] = (711) [y"—l+("I1)y"‘2+(";1)y"‘3+...+(";1)y2+("Il)y+1]

6 G B () B P e G
+1]+.+ ()P +2y+ 10+ () o+D+1

6y +11={(])y}+ (DI T o2+ (P Dy (P D2+ (M Dy

1+ {7 QY )y (1 )k (M%)

Ot [ Qs () (e
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Finally,
Hly] = G[y + 1] — G[y]
n

degree[H[y]] = degree[G[y] -1= degree[F[y]] -2

highest order coefficient[H [y]] = (711) (n I 1)

7. Understanding the Method of Differences in polynomials.

The addition increases the polynomial degree.
The subtraction decreases the polynomial degree.
This idea comes from The Babbage EngineError! Reference source not found..
We know that, if F[y] = y?, then,
Fly +z] = (y + 2)°

(4 d o (D), d-1 d\ . a-2,2 d 2,d-2 d a-1

—(O)y +(1)y Z+(2)y z+...+(d_2)yz +(d_1)yz

d\ a

+ (d) z

Let’sbe z = 1:
_ d_ (A a4 (A, a-1 (A, d-2 d 2 d d

Fly+1l =+ 1% = (O)y +(1)y +(2)y +...+(d_2)y +(d_1)y+(d)

Fly+1] =y%+ (Cll) y3 1+ (Czl) yii4 4 (Czl) y? + (‘li)y +1
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Fly +1] = Fly] + (‘11) yi 4 (‘21) Y24+ (Czl) 2 + (‘f)y +1

Being,
Glyl = Fly +1] = F[y]
Then,
Glyl = (‘ll) ya 4 (‘Zl) Y24+ (‘Zl) Y2+ (Cll)y +1
degree[G[y]] = degree[F[y]] — 1
highest order coefficient[F[y]] = 1
highest order coeffcient[G[y]] = (‘11)
Now, from

Glyl = Fly + 11 = Flyl = () v+ (§) y4 2+ + (§) 2 + (D) v +1

, we have:
G[y+1]=(Cll)(y+1)d‘1+(‘21)(y+1)d‘2+...+(d 2)(y+1)2 (d 1)(y+1)+1
Gly+11= (D) e+ (7 )yt + (1 Dyt e+ (U5 )2+ (47 )y + 1]

b (T (1 () e (1)

+1]+...+(Czl)[y2+2y+1]+(il)(y+1)+1
Gly+1] = (?f)y"l‘1
DI Dy ()t () + (1 Dy ]
O
d

N

FQIE Ty (1 ek (1) (1)
+1]+...+(‘2i y2+(g)[2y+1]+(cll)y+(‘1i)(1)+1

Gly+1] = (Cll)yd‘l + (Czl)yd‘2+...+(‘21)y2 + (‘f)y+ 1
LT (45 ) s (1) (4 o

)
OOy (@ Dyt (1 (1)
) ]
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o+ 11=a01+ (17 Dy (451 ornr (157 2 (4 Yy
()[(dIz)y“ (43 )yt () + (11 %)
+1]+. +()2y+1+()

Finally,
Hly] = G[y + 1] - G[y]

|_|[\)

degree[H[y]] = degree[G[y]] — 1 = degree[F[y]] — 2

highest order coefficient[H[y]] = (Cll) (d I 1)

If we repeat this process d-times we will obtain a polynomial of degree 0, that is, a constant.
The value of this constant is d!.

Each time we make the difference between two consecutive elements, it will result in a decrease
in the degree. If we continue to do differences between consecutive elements recursively until
degree zero, it will result in a coefficient equal to a constant d!.

dd
recursivelly[F[y + 1] — F[y]] = recursivelly[(y + 1)¢ — y4] = o (y9 =d!

d! = https://oeis.org/A000142

The method of differences in the elements of a numerical sequence acts as a derivative,

Only in polynomial functions does a finite number of differences result in a constant equal to
the factor of the polynomial degree.

7.1. Example with 4™ degree polynomial.

4

Flyl=y

Glyl =Fly + 1] - F[y]
Gyl =@+ D*—y*
Glyl]=4y3+6y2+4y+1

Gly+1]1=4@y+1)3*+6(y+1)*+4(y+ 1) +1
Gly+1]=4y3+ 12y + 12y +4+ 6y*> + 12y + 6+ 4y + 4+ 1
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Gly+1]—G[y]=H[y] =12y*>+ 12y + 4+ 12y + 6 + 4
H[y] = 12y% + 24y + 14

Hiy+1]=12(y + )2+ 24(y + 1) + 14

H[y +1] = 12y%2 + 24y + 12 + 24y + 24 + 14

Hly+ 1] — H[y] = I[y] = 12y% + 24y + 12 + 24y + 24 + 14
I[y] = 24y + 36

I[y+1]=24(y+1)+36

Ily+1] =24y + 24 + 36

I[y + 1] = I[y] = 24 = 4!
See how the method of differences acts as a derivative.

7.2. Counter-example in Factorial sequence.

See the method of finite differences applied in factorial sequence https://oeis.org/A000142.

https://oeis.org/A068106

1188 T AeI=I o]l https://oeis.o https://oeis.o https://oeis.o https://oeis.o https://oeis.o
Ty oo [0k'P rg/A001563 rg/A001564 rg/A001565 rg/A001688 rg/A001689 OEIS

EI-_
(o] 2| 0 https://oeis.org/A000166
1 3 11 53 309 https://oeis.org/A000255
4 14 64 362 2428 https://oeis.org/A055790
18 78 426 2790 21234 https://oeis.org/A277609
96 504 3216 24024 205056  https://oeis.org/A277563
600 3720 27240 229080 2170680  https://oeis.org/A280425
4320 30960 256320 2399760 25022880 https://oeis.org/A280920
- 35280 287280 2656080 27422640 312273360

B 322560 2943360 30078720 339696000 4196666880 [
BEYEGET 3265920 33022080 369774720 4536362880 60451816320 [N
ETPEo Ol 36288000 402796800 4906137600 64988179200 N I ——
ECEI O 439084800 5308934400 69894316300 [ T mmm—m
5748019200 75203251200 [ [ [
80951270400 [ I [ [ [
14]87278201200f | | | | |

Figure 5. The difference method applied in the sequence https://oeis.org/A000142 factorial
numbers.

See that the values of the difference increase in each iteration we make. There will never be a
convergence towards a constant, in the way that occurs with polynomials.
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8. An application of this theory in practice.

There is a comment in the sequence https://oeis.org/A005563 (square minus 1) numbers saying:
“Erdos conjectured that n?> — 1 = k! has a solution if and only if n is 5,11 or 71 (when k is
4,50r7)".

Ifk! = (n?—-1),thenk! = (n+ 1(n-1).

Because of that, we must have n = [\/F]
Because n = [\/F ],then we have:
n-1=[VR|-1=|VR|<VR<n=[VR]|<[VR]+1=n+1

Because of this expression, then the equality k! = (n? — 1) = (n + 1)(n — 1) is true if and only
if https://oeis.org/A082995 has value 0. See the table:

A000142 A055228 A055226  C000699 C000699 A082995

=il

HEmm o o ——
BN 7 B e IR

o el e [ e | w0
1 ) O I
T ] e I I
l----—
D e B T

oo [l @ | o | o | e [EEEERE

Because of the method of the differences, the function https://oeis.org/A082995 has a finite
number of 0’s.

Because https://oeis.org/A082995 is a function that has a finite number of 0's, then it is
impossible to have other solutions than just the solutions of the conjectures of Erdos, Brocard, or
the sequence https://oeis.org/A082995.
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9. Introduction to the 3 types of the quadratic integer sequences

Given a quadratic Y[y] = ay? + by + ¢, we have determined the simplest quadratic equation
generated from the any 3 consecutive elements: (x4, x5, X3) as being:

_ _ xl_zxz +x3 2 x3_x1
== () (B )y

When choosing the 3 consecutive elements: to form a quadratic, the only constraint is that a #
0.So0, x; =2x5 + x3 # 0 or (x; — x1) # (x5 — x3).

Nothing prevents 2 elements from being with the same value.

Now let us check what happens to the main parameters when two of these 3 consecutive
elements are equal.

After, we will study the results in a table, and we will classify the quadratics into the 3
fundamental types: ACC, or DES, or SUB.

So, let us see the quadratic’s behavior over the 5 main parameters a, b, ¥;p, X;p, 4, for all the 6

possible cases:

X1 = X2
X2 = X3
X1 = X3
X1 = 7X2
X2 = —X3
X1 = —X3
9.1. For x; = x,
b X, — X3 _ X, — X3 Xy — X3 xp—x3 1
Yio = 754 7 2%, — 4%, + 2x3 2%y — A%, 4 2x3  —2x, + 2x3 2%, —2x3 2
X = 2%+ X3 X — 2%+ X3 =X+ X3
“= 2 B 2 == !
b= % 5 N a
_ xf +16x5 + x5 — 8x1x, — 8x003 — 2X1X3
B 4
_xf +H16x7 + x5 —8xx; — 8xx3 — 2x1x3  9xf + x5 — 10x,x3
B 4 B 4
_ (=x +x3)% +8xf —8xyx3  (—xq +x3)% — (=8xf + 8x,x3)
B 4 B 4
(=x1 + x3)% — 8x1(—=x; + x3) (—x1 + x3) — 8x;
= = (—x; + x3)
4 4
=(—x + xs)xs_Tgxl
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A (=2x1 + x3) x3 —49x1 = —49x1 X3 —9x;  9x; — x5
2T T4 P —TT 2 T8 T8
8oy =225 + x3)x; — (=xy +x3)% 8y - 221 + x3)x; — (—x1 + x3)?
o = 8(x; - 2x, + x3) B 8(x; - 2x; + x3)
_ 8(=xy +x3)xy — (=xy +x3)°  —8xf +8xyx3 — (6 + x5 — 2x;x3)
- 8(—x1 + x3) - 8(—x1 + x3)
_ —8xf +8xyx5 — x{ — x5 +2xx3  —9x] + 10x;x5 — x5
B 8(—x; + x3) B 8(—x; + x3)
_ 9xf —10xyx3 + x5 (g — x3)% + 8x{ — 8xyx3
8(x; — x3) B 8(xy — x3)
(o = x3)? +8x (g —x3)  (xp —x3) +8x;  9x; — x5
8(x; — x3) B 8 -8
o = o — (x5 — x1)? — (x5 — x1)? — o — (x5 — x1)?
SPTT2 8(xy —2x, +x3) b 8(xy -2x +x3) b 8(=xg 4 x3)
_ 8(=xy +x3)xy — (03— x1)®  —8x] +8xyx3 — (6§ +x{ — 2x;x3)
- 8(—x1 + x3) B 8(—x1 + x3) -
_ —8xf +8xyx3 — xF —x{ +2x;x3  —9xf + 10, x5 — x5
8(—x1 + x3) - 8(—x1 + x3)
_ 9xf —10xyx3 + x5 (g — x3)% + 8x{ — 8xyx3
8(x; — x3) B 8(x; — x3)
(o = x3)? +8x (g —x3)  (xp —x3) +8x;  9x; — x5
8(x; — x3) B 8 -8
9.2. For xy = x5
b X, — X3 _ox—x 1
Yoo =790 T 2%, — 4%, + 2x5 2%, — 2%, 2
a:x1—2x2+x3 _ X1~ X __p
2 2
b:x3_x1:x2_x1:_a
2 2
Ae x2 +16x3 + x5 — 8x1x, — 8x,x3 — 2%, X3 _ x2 +16x2 + x5 — 8x1x, — 8x,x5 — 2%, X,
4 4
x2 +9x2 —10x,x, (% — %)% + 8x2 — 8x,x,
- 4 - 4
O = x2)2 + 8200 —x1) (g — %)% — 82, (2 — x3)
4 4
= (x1 — x2) (1~ XZ) i = (x, — xz)xl_Tgxz
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X, — 9x
A (xl - xZ)% _ x1 - 9x2 _ —x1 + 9x2

xsp =

4a At 8 8
= 8(x1 - 25 + x3)x; — (—x1 + x3)? _ 8(xx1 - 2x; + x2)x, — (=21 + x3)?
P 8(x; - 2x, + x3) 8(x; - 2x, + x3)
8y —x)xy — (=xy + %)% 8oy —x2)xp — (=2 + x)?
- 8(x1 - x7) B 8(x1 - x3)
_ B(xy - x2)x5 — (—x1 + x2)(—x1 + x3)
B 8(x; - x2)
8l mx)x + (4 —x)(—xp +x2) B+ (—xp +x)  —xp 4+ 9x,
B 8(x; - x,) B 8 B 8
o = o — (x5 — x1)? = (2 — x1)? = — (2 — x1)? — 5 (x; — x1)?
P 2 8(x1 = 2x, + x3) 2 8(x1 - 2x, + x3) 2 8(x1 - x3) 2 8(xz - x4)
=x2+x2 X1 _ —x1 + 9x,
8 8

9.3. For X1 = X3

_ b _ xl - x3 _
Yo =T %0 T 2x; — 4x, + 2x3
a=x1—2x2+x3 =x1—2x2+x1 =2x1 2x, ey
2 2 2 v
X3 — X, X3—X
b — 3 - 1 — 3 - 3 =0
Ae x2 4+ 16x7 + x5 — 8xyx, — 8x,x3 — 2X1X3 _ x2 4+ 16x3 + x? — 8x1x, — 8x,x; — 2x1%;
4 4
16x2 — 16x,x
=2 2 172 = ax2 — 4xyx, = 4x,(x, — X1)
A 4y (27 — x1) _
2= T4a " 4(x; — x5) X2
o = 8oy - 2x; + x3)x, + (01 —x3)%  8(2x; -2x)x,  8(2x1 -2x)x, y
P 2(xy -2, + x3) 2(2x, - 2x,) 8(2x, - 2x,) 2
o = 2 — (o3 — x1)? =y — (g = x1)? —
P2 8(xy —2x, +x3) 2 8(xg—2x, +xy)  C
9.4. For X1 = —X2
b X, — X3 _ X1 — X3 X X3 _1(x1—x3)
Yoo =750 T 2x1 — 4%, + 2x3 2%y +4x; +2x3  6x3 + 2x3 2 \3x; + x3

Xy — 2%+ X3 Xy + 2% +x3 3%+ X3

a= 2 - 2 -T2

=b+2x1
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x3_x1_3x1 +x3_4x1

b = 5 > =a—2x;
Ae x2 4+ 16x% + x5 — 8xyx, — 8x,x3 — 2X1X3 _ x2 4+ 16x% + x3 + 8xyx; + 8x1x5 — 2x1 X3
4 4
25x2 + x2 + 6x;x3  (3x; + x3)% + 16x%
- 4 - 4
(3x, + x322 + 16x? (3x, + xiz + 16x% Gy +1,)% + 1622
2T T4 T 433612-|- X3 - 2(3x;, + x3) - 8(3x; + x3)
(3x1 + x3) 2x?
- ( 8 * 3xy + x3)>
8(x; —2x, + x3)xy — (—x1 + x3)%  —8(x; + 2x1 + x3)x; — (—x1 + x3)2
Xsp = 8(x1 - 2x, + x3) - 8(x; + 2x; + x3)
—8(3x; + x3)x; — (—x; + x3)%  —24x2 — 8x;x5 — (x? + x2 — 2x,%3)
- 8(3x1 + x3) - 8(3x1 + x3)
—24x? — 8xyx3 — x% — x5 + 2x,x3  —25x% — 6x;x3 — x2
- 8(3x1 + x3) - 8(3x; + x3)
25x2 + 6x,x3 + x3 (3x; + x3)% + 16x2
- 8(3x1 + x3) - 8(3x; + x3)
(3x1 + x3) 2x?
- ( 8 * 3xy + x3)>
o = 2 — (x3 — x1)? oy — (x3 = x1)? =y — (x3 —x1)?
P2 8(xy - 2%y + X3) L8y + 2% +x3) b 8(3x; + x3)
—8(3x; + x3)x; — (x5 —x1)?  —24x? — 8xyx3 — (x% + x5 — 2x,%3)
- 8(3x; + x3) - 8(3x; + x3)
—24x? — 8xyx3 — x% — x5 + 2x;X3  —25x% — 6x1x3 — X2
- 8(3x1 + x3) - 8(3x; + x3)
(Bx; +x3)* +16xf  ((3x; + x3) 2x?
- 8(3x1 + x3) B _< 8 (3x; + x3)>
9.5. For xo = —x3
b X1 — X3 X1 + X C1lx+x
Yoo =794 T 20, — 4xy + 2x3 2%, — 4%y — 2%5 E(xl — 3x2>
X1 —2xy +x3 X1 +2x3+x3 x;+3x3
a= > = > = > = —b + 2x;
b:x3;x1 :4x3—x21—3x3 — o+t 2x,
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Ae x{ +16x3 + x5 — 8x1x; — 8x,x3 — 2x,X3 _ x{ + 16x5 + x5 — 8x1x; + 8x,x, + 2x1%,

4 4
_ x12 + 25x§ — 6x1X; _ (x; — 3x,)% + 16x§
= - — .
x; — 3x,)% + 16x5 x; — 3x,)% + 16x5
X =—A=—(1 24) 2=_(1 24)’ 2=_(x1_3x2)2+16x§
sp 4a X1 —3x; 2(x; — 3x,) 8(x; — 3x,)
LA

8 + (xl - 3x2)
_ 8(x1 - 2x + x3)x, — (—x1 + x3)? _ 8(x1 - 2x; — X)X — (—x1 — x,)?

_ <(x1 — 3x3) 2x3 )

Xsp = 8(x1 - 2x, + x3) B 8(x; -2x, — x3)
8(x; -3x3)x, — (—x; —x)%  8xyx, — 24x2 — (x% + x% + 2x,%,)
- 8(x; —3x,) - 8(x; - 3x5,)
8xyx, — 24x3 — x% — x% — 2xyx,  —x% — 25x2 + 6x;x,
- 8x, - 24+, - 8x; - 24,
—x% — 25x3 + 6x1x,
- 8x, - 24x,
o = o — (3 — x1)? = (—x; — x1)? — o — (—=x; — x1)?
SPTT2 B(xy —2x, +x3) 2 8(xg-2x, —xp) 2 8(xp -3xy)
_ 8xp(y — 3x5) — (g +x)°
B 8(x; - 3x,)
9.6. For X1 = —X3
b X1 — X3 X1 +xq 2o
Yoo =750 T 2%, — 4x, + 25 - 2%, — 4x, — 2%, —4x,  2x,
Xy — 2%+ X3 Xy — 2% — X
a= 2 = 2 -
b—x32x1= 22951__361
Ae x2 +16x3 + x5 — 8x1x, — 8x,x3 — 2%, X3 _ xZ +16x2 + x? — 8x1x, + 8x,x; + 2x1%;
2 * 2 *
_ 4x;i :16x2 =22 4 4x2
A X%+ 4x5  x?+4x2
2T T4 T 4(—xy) T 4x,
8(x1 -2, + x3)x; — (—=x1 +x3)%  8(x1 - 2%, — x)x, — (=21 — x1)?
o = 8(x; - 2x, + x3) - 8(x; - 2x, — x1)
8(=2x2)x, — (=2x1)*  —16xF —4x{ 4xj +xf
- 8(—2x,) T lex, | 4x,
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e — (x3 — x1)? e (—x1 — x1)? _
SPTT2 8(xy —2x, +x3) 2 8(xy-2x,—xy) 2 —16x,
_ Axi +xf
T 4x,

9.7. Consolidation

Putting all the results together, we get the following table:

Representation
with quadratic
coefficients
Representation
with the 3
consecutive
elements:

Xy DES
la] =|b| >0

Xq DES
la] =|b| >0

X SUB
la| > |b| =0

X1 ACC
la| # |b| >0

Xy ACC
la| # |b| >0

X4 ACC
la] # |b| >0

Represent
ation with
quadratic

coefficients

Represent

ation with the
3 consecutive

elements:

— | E—

A b? — 4ac

a b

" 2a “4a 4a
M-lotr Boxn Mm% (ntx)
2 2 2xy — 4x; + 2x3 2 8(xy - 2%, +X3)
X3 — X
x3—x1=b 32 E _1 9x; — x3
2 — 2 8
X3 — Xq
Xy =Xy b > 1 —x; + 9x;,
2 - —a 2 8
X1 — Xy 0 0 Xz
X3 — Xy 3x; + x3
3%+ x5 2 1(x1—x3) ( 8
_ b2+ 2y =a 2\3x; + x3 2x?
! — 2% 3x; + x5
X3 — X1 (- 3x,
%3"3 2 1 ( X + X, ) ( 8
=-a 2\x, —3x 2x3
=-b+2x; o e 2 )
3 x; — 3x,
X x? + 4x3
2 1 2x, 4x,

b A b? — 4ac
a b i -
2a 4a 4a
Xy — 2X, + X3 X3 — X1 Xy — X3 (= + x3)2

2xy — 4x, + 2x5

Y 8(x; - 2x, + x3)

A= b? — 4ac

X%+ (4%,)% + x2
—2x1(4x;) — 2(4x3)x3 — 2x, %3

4
—9x; + x
(=x; +x3) 14 =
X1 — 9x,
(1 — x3) P

4x,(—x; + x3)

(3x; + x3)? + 16x?
4

(1 — 3x,)? + 16x2
4

x? + 4x2

| I | E—

A= b? — 4ac

X2+ (4%,)% + x2
—2x1(4x;) — 2(4x3)x3 — 2x1 %3

4
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X DES X3 — X1 1 9x; — x3 —9x; + x5

2 oy 2 - —xy + xg) — 2
=x, lal =|b] >0 2 — 2 5 (=x; +x3) )

X3 — X

X, DES B, % 1 —x, + 9x, . 9x,
=x, lal=ll>0 2 _2 2 — 8 TR
x SUB
=1x3 la| > |b] = 0 X1 — Xy 0 0 Xy 4x,(—x, + x3)

S X3 — Xq <3x1 + x5

X+ X N\
X Acc 12 3 2 1( X1~ X3 ) 8 (3xy + x3)% + 16x7
=— =a 2 —
x, lal#|b|>0 = b+ 2x, o 2\3x; + x3 +3x2>i1x> 4
1 3
43 X3 — Xq (xl —3x,

x X —_— -
X, Acc % 2 1( X1+ X ) 8 (x, — 3%,)% + 1613
=—x al #|b| >0 =-a 2 \x; — 3x 2x3

3 lal # |bl =—b+2x, + 2, 1 2 +x ;x> 4
17 92
x4 ACC X1 xi +4x3 ) ;
- - o +4

=—x; lal#|b|>0 i *1 22, e X + 4

Figure 6. C001108 Quadratics classification summary.

9.8. Reasoning on the results

Studying the results, we can conclude that there are only 3 types of quadratics possibilities:

e Type red (SUB type): where |a| # |b| = 0, and y5,, = integer, like the example below
x =Y[y] = y* + 2 = [3,2,3]. Generic form: Y[y] = ay? + c.

e Type blue (DES type): where |a| = |b| > 0, and y;,, = %, like the example below x =
Y[yl = y? — y = [2,0,0]. Generic form: Y[y] = ay? + ay + c.

e Type green (ACC type): where |a| # |b| > 0, and ys, # integer, and ys, # %, like

the example x = Y[y] = 4y? — 2y — 1 = [5,—1,1]. Generic form: Y[y] = ay? + by +
.
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X=y?-y=[2,0,0]
X=y?+2=[323]

V05 iPppe=(-0.25,05)
Ppcc=(-12 o
s \ .............................................................................................................................................................................................................
y=0 :
. 3 4 5
X,=(-1,0) %0,
= X1=(2' s 0 o
X=(3;- X,=(6,-1)

-2

Figure 7. C001108 Example of the 3 types possible of parabolas: ACC type in green, DES
type in blue, and SUB type in red. There is no other type of parabola.

Note that we can discard the analysis with the hypothesis of |b| > |a|. Whatever |b| > |a],
the offset is not zero and we can use the offset equation to get |a| = |b| where the offset is zero.
Offset does not change the sequence. The sequence is still the same.

Studying these 3 unique possibilities of the types of quadratics we perceive that in each of
them have fundamental characteristics that distinguish one from the two others.

There is no other possibility of quadratic classification besides those 3 types above described.
All others are isomorphic or equal to one of these 3 cases.

See below:

9.9. Features of the "SUB'" (submarine) type quadratics

1. Color red: quadratics where |a| # |b| = 0 in offset f = 0 have the symmetry point is
over x, and it is equidistant from the x; and x3. And x; = x3.

2. Foroffsetf =0,a+b =0,y = —2-o.

2a
3. For any offset, b = 2na, ys, = —% = integer.
Because of the index ys), always will be an integer, then the value xg, will be always an

element of the integer sequence. The symmetry point is over an integer element of the
sequence.
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9.

For all n, the duplicated elements Y[ysp +n+ 1] = Y[ysp -n-— 1] will form all the
pairs of duplicated quadratic elements of the sequence. Each element of the pair is part of
the sequence, and both are equidistant from the symmetry point.

Both duplicated elements Y[ysp + 1] = Y[ysp — 1] will produce the closest pair of
duplicated quadratic elements of the symmetry point. The duplicated elements are part of
the sequence and are equidistant from the symmetry point.

Because y;, = 0 for offset f = 0, then the symmetry of this even function (quadratic) is
in the formof Y[0+n+ 1] =Y[0 —n—1] or Y[y] = Y[—y].

The symmetry point is the symmetry element equidistant to all duplicated integers of the
sequence. The symmetry point is over an integer element of the sequence and the
sequence does not duplicate this only element.

Because the symmetry point is over one element, this remembers the submarine in the
“Battleship Game”.

10. We will call this type of sequences as SUB from the word “submarine”.

9.10.Features of the ""DES" (destroyer) type quadratics

1.

8.

9.

Color blue: quadratics where |a| = |b| # 0 in offset f = 0 have the symmetry point
equidistant from the x, and x3. And x, = x3.

For offset f = 0,a = —b, y5, = —% = % = 0.5.
For any offset, b = (2n — 1)a, ys, = — % = %,

. . dd .
Because of the index yg, always will be an OT, then the value x,, will not be an element

of the integer sequence. The symmetry point is not over any integer element of the
sequence.

For all n, the duplicated elements Y[ysp +n+ 0.5] = Y[ysp -n- 0.5] will form all the
pairs of duplicated quadratic elements of the sequence. Each element of the pair is part of
the sequence, and both are equidistant from the sp.

Both duplicated elements Y[ysp + 0.5] = Y[ysp — 0.5] will produce the closest pair of
duplicated quadratic elements of the symmetry point. The duplicated elements are part of
the sequence and are equidistant from the symmetry point.

Because ys, = 0.5 for offset f = 0, then the symmetry of this even function (quadratic)
is in the form of Y[0.5 + n + 0.5] = Y[0.5 —n — 0.5],or Y[y + 1] = Y[—y].

The symmetry point is the symmetry element equidistant to all duplicated integers of the
sequence. The symmetry point is not over any integer element of the sequence.

Because the symmetry point is equidistant to all pairs of duplicated elements, this
remembers the destroyers in the “Battleship Game”.

10. We will call this type of sequences as DES from the word “destroyer”.

9.11.Features of the "ACC" (aircraft carrier) type quadratics

1.

2.

Color green: quadratics where |a| # |b| > 0 have the symmetry point not equidistant
from the any two elements from the (x;; x,; x3) and all the 3 elements are different.

For offset f = 0, then |a| > [b| > 0. So, 0 < |yg,| = |—%| < 0.5.
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b, . b  odd
3. For any offset, y5,, = — 2 * integer and yg, = — Pyl
Because of the index ys,, will never be an integer, then the value x,,, will not be an element

of the integer sequence. The symmetry point is not over any integer element of the
sequence.

5. There are no duplicated elements in the sequence. In the next study we can analyze the
pairs of asymmetrical quadratic elements.

6. Always Y[y]| # Y[—y], and Y[y + 1] # Y[—y]. The symmetry point (sp) not equidistant
from the any two integer elements of the sequence.

7. The symmetry point is not equidistant from the any pair of (xq,x,,x3). So, these
quadratics are asymmetrical.

8. The symmetry point is not a symmetry element equidistant to any pair of integers of the
sequence. There is no repeated integer in the sequence.

9. Because the symmetry point is not equidistant to any pair of elements of the sequence,
this remembers the 3 closest points forming the aircraft carrier in the “Battleship Game”.

10. We will call this type of sequences as ACC from the word “aircraft carrier”.

9.12.C or D even functions

Note that any parabolic curve in the XY plane in the form of Y[y] = ay? + by + ¢ will have
the “opening mouth”, aperture of the parabola, towards the right or left.
e Ifa > 0, then the aperture will be facing right. This remembers the letter “C”. So, we
will be classifying it in our studies as a C-type parabola or C-type quadratic.
e [fa <0, then the aperture will be facing left. This remembers the letter “D”. So, we
will be classifying it in our studies as a D-type parabola or D-type quadratic.

9.13.S or Z odd functions

Analogously, for odd functions, we can have the shape of the curves resembling the letter
S or the letter Z.
o Ifay_,qq > 0, then the shape will remember the letter “S”. So, we will be classifying
it in our studies as a S-type polynomial or S-type curve.
o Ifay_,qqa <0, then the shape will remember the letter “Z”. So, we will be classifying
it in our studies as a Z-type polynomial or Z-type curve.

10. General summary.

10.1.The simplest equations up to 6™ degree polynomials.

x=Y0[y] =x,
x=Y1[y] = (x; —x1)y + x;
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xl - sz +x3

X3 — X
x=Y2[y] = v+ Y+,
2 2
—x1 +3x, —3x3 +x X1 — 2x, + X —2x1 — 3%, + 6x3 — X
x =Y3[y] = 1 2 3 4y3+ 1 2 3y2 1 2 3 4y+x2
6 2 6
X1 — 4xy + 6x3 — 4x4 + X5 —Xq + 2x; — 2X4 + X5
=Y4|y| = 4 3
X [v] >4 y 1
—x1 +16x; —30x3 +16x, — x5 , %3 —8x; +8x4, — x5
* 24 YT 12 YT
—x1 + 5x5 — 10x3 + 10x, — 5x5 + x4 X1 — 4x, + 6x3 — 4x4 + X5
=Y5[yl = > *
X [v] 120 y® + >4 y
—x1 — X2 +10x3 — 14x4 + 7x5 — %6,
24
4 —x1 +16x; —30x3 + 1634, — x5,
24 Y
3x; — 30x; — 20x3 + 60x, — 15x5 + 2x4
+ Y+ x3
60
X1 — 6x5 + 15x3 — 20x, + 15x5 — 6x6 + x5
x =Yeé[y] = y°
720
—x1 + 4x; — 5x3 + 5x5 — 4xg +x; .
240 Y
—xy + 12x; —39x3 + 56x, — 39x5 + 12x6 — X7 ,
+ y
144
xp — 8x; + 13x3 — 13x5 + 8x5 —x7
+
48
4 2x1 — 27%5 + 27x39 — 490x4 + 270x5 — 27x6 + 2x7
360 Y
—x1 + 9x; — 45x3 + 45x5 — 9x¢ + x5
+ v+ x,
60
Sequences of the denominators of yd: {1,1,2,6,24,120,720, ...} == A000142 Factorial numbers

Sequences of the denominators of yd‘l: {1,2,2,12,24,240, ... } == AXXXXXX

10.2.Symmetry Point Y-coordinate up to 6™ degree polynomials.

d~'YO0[y]

Yspyory [@ dy—1 = 0] = undetermined

d°v1[y] c X1
Ysprapy) [@ dy®° - Ol - B (xz — x1>

dly2[y] b 1/ —x1+ x5
Ysvxopy |@ 51 = 0 = (T)
y X1 X2 T X3

“2a 2
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@dZYS[y] — 0o a 1( X — 2x5 + X3 )
Yspvaiy) dy? —x1 + 3x; — 3x3 + x4

d3Y4[y] _ 0] _ G 1( —x1 + 2x, — 2x4 + Xsg )

Yspyaiy [@ dy3 C4a,  2\x; — 4x, + 6x3 — 4x, + x5

@d4Y5[y]_O _ay __1< X1 — 4x, + 6x5 — 4x4 + X5 )
Yspysiyl dyt* | B —x;1 + 5x, — 10x3 + 10x, — 5x5 + x¢

@d5Y6[y] _ol=_ as 1( —xq + 4x, — 5x3 + 5x5 — 4x¢g + x; )
Yspyely) dy> Xy — 6x5 + 15x53 — 20x, + 15x5 — 6x¢ + X5

di-1yd ay_
e @ _[}’] —ol=— d-1
Pyd[y] dy-1 d.a,

10.3.Recurrence equations with increasing index.

YO[y]=+1YO0[y-1]

Y1[y]=-1Y1[y-2]+2Y1[y-1]
Y2[y]=+1Y2[y-3]-3Y2[y-2]+3Y2[y-1]
Y3[y]=-1Y3[y-4]+4Y3[y-3]-6Y3[y-2]+4Y3[y-1]
Y4[y]|=+1Y4[y-5]-5Y4[y-4]+10Y4[y-3]-10Y4[y-2]+5Y4[y-1]
Y5[y]=-1Y5[y-6]+6Y5[y-5]-15Y5[y-4|+20Y5[y-3]-15Y5[y-2]+6Y5[y-1]
Y6[y]|=+1Y6[y-7]-7Y6[y-6]+21Y6[y-5]-35Y6[y-4]+35Y6[y-3]-21Y6[y-2]+7Y6[y-1]
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10.4.Recurrence equations with decreasing index.

\YO [y \=1Y0[y+1]
\Y1 [y \=2Y1 [y+1 ]-1Y1[y+2]
\Y2[y]\=3Y2[y+1]-3Y2[y+2]+1Y2[y+3]
\Y3 [y ]\=4Y3 [y+1]-6Y3 [y+2 |+4Y3 [y+3 |-1Y3[y+4]
\Y4 [y ]\=5Y4 [y+1]-10Y4 [y+2 ]-10Y4 [y+3 ]-5Y4 [y+4 |+1Y4[y+5]
\Y5 [y \=6Y5 [y+1 ]-10Y5 [y+2 |+20Y5 [y+3 ]-15Y5 [y+4 |+6Y5[y+5]-1Y5[y+6]
\Y6 [y ]\=7Y6 [y+1]-21Y6 [y+2 |+35Y6 [y+3 ]-35Y6 [y+4 |+21Y6 [y+5 ]-7Y6 [y+6 |+1Y6 [y+7 ]

10.5.The method of common differences in polynomials.

recursivelly[F[y +1] — F[y]] = recursivelly[(y + )" — y"] = %(y”) =
n! =http://oeis.org/A000142
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